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INTERSECTION COHOMOLOGY OF THE UNIVERSAL
IMPLODED CROSS-SECTION OF SU(3)
NAN-KUO HO AND LISA JEFFREY
Abstract. We compute the intersection cohomology of the uni-
versal imploded cross-section of SU(3), and show that it is different
from the intersection cohomology of a point.
1. Introduction: purpose of imploded cross-sections
Let K be a compact Lie group with maximal torus T , and let M be
a Hamiltonian K-manifold. The Guillemin-Sternberg symplectic cross-
section theorem tells us that the K-orbits of Φ−1((t∗+)
◦) (the preimage
of the interior of the positive Weyl Chamber (t∗+)
◦ under the moment
map Φ) is dense in M and is symplectic with Hamiltonian T -action on
Φ−1((t∗+)
◦). One motivation in [3] was to complete this space in a nice
way that is also compatible with symplectic reduction. For points in
the interior of the positive Weyl chamber, the stabilizer is the maximal
torus T . However, for points on the boundary of t∗+, the stabilizers
are bigger than T and the preimage under the moment map is not a
symplectic manifold. So the idea of the imploded cross-section is that
for those faces, we must collapse further (taking the quotient by the
commutator subgroup of their stabilizer) so that the quotient becomes
a symplectic stratified space and that it would have a Hamiltonian T -
action on each stratum. One beautiful property is that the symplectic
quotient of the resulting imploded space by the T -action is the same
as the original symplectic quotient of the manifold M by the K-action.
The universal example of an imploded cross-section is defined as the
imploded cross-section (T ∗K)impl of the cotangent bundle of the Lie
group K.
It is important to understand the invariants of imploded cross sec-
tions. In the simplest case K = SU(2) the universal imploded cross-
section is C2, so its topology is trivial. In this paper we study the
universal example for SU(3). The universal imploded cross-section for
SU(3) contracts to a point, but its topological invariants are not all
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trivial. We compute its intersection cohomology (which is not a homo-
topy invariant), and find that this invariant distinguishes it from the
intersection cohomology of a point. In this paper all intersection co-
homology groups are computed with middle perversity, as in [5] which
is our main reference, and all the cohomology groups and intersection
cohomology groups are with real coefficients.
Acknowledgments. We would like to thank Reyer Sjamaar for many
useful discussions.
2. Universal example for SU(3)
For more detailed accounts of symplectic implosion, please see [3].
Let (M,ω) be a HamiltonianK-space with moment map Φ : M → k∗.
Fix a maximal torus T and a closed fundamental Weyl Chamber t∗+.
Denote Kλ the centralizer of λ ∈ k
∗ and [·, ·] the commutator subgroup.
Introduce an equivalence relation in Φ−1(t∗+) as follows: ∀m1, m2 ∈
Φ−1(t∗+), we say m1 ∼ m2 if ∃k ∈ [KΦ(m1), KΦ(m1)] such thatm2 = km1.
Definition 2.1. The imploded cross-section of M is the quotient space
Mimpl := Φ
−1(t∗+)/ ∼, equipped with the quotient topology.
Proposition 2.2. [3, Theorem 3.4] The space Mimpl is a stratified (in
the sense of Sjamaar-Lerman) Hamiltonian T -space with moment map
Φimpl : Mimpl → t
∗
+ induced by Φ. Moreover, ∀λ ∈ t
∗
+, the canonical map
Φ−1(λ)→ Φ−1impl(λ) induces an isomorphism of symplectic quotients
M//OλK
∼= Mimpl//λT.
Here, if K is a nonabelian group, the symbol M//OλK denotes the
symplectic quotient of a Hamiltonian K-manifold M at the orbit Oλ.
Likewise, if T is a torus and M is a Hamiltonian T -space, the symbol
M//λT denotes the symplectic quotient of M at λ.
This proposition introduced a way to abelianize Hamiltonian K-
space for any compact connected Lie group K. The following propo-
sition is one of the reasons why the study of the universal imploded
space (T ∗K)impl is important, and why [3] called (T
∗K)impl the univer-
sal imploded space.
INTERSECTION COHOMOLOGY OF THE UNIVERSAL IMPLODED CROSS-SECTION OF SU(3) 3
Proposition 2.3. [3, Theorem 4.9] Consider the imploded cross-section
(T ∗K)impl of the cotangent bundle T
∗K. Then there is an isomorphism
between Hamiltonian T -spaces
Mimpl ∼= (M × (T
∗K)impl)//0K
where the quotient is taken with respect to the diagonal K-action.
The imploded cross-section of the universal example for SU(3) ([3,
example 6.16]) is a complex hypersurface determined by the quadratic
equation
∑3
k=1wkzk = 0 where wk, zk are complex variables (k =
1, 2, 3). This space has an isolated singularity at 0, because it can
be constructed from the preimage of 0 under the holomorphic map
f : (z, w) 7→
∑
k wkzk and the derivatives are
df(∂/∂zk) = wk, and df(∂/∂wk) = zk
so
df = (z1, z2, z3, w1, w2, w3),
which equals 0 only if zj = wj = 0 for all j, so (0, · · · , 0) is the only
singular point.
Remark 2.4. For moduli spaces of flat connections on 2-manifolds
the imploded cross-sections were defined in [4]. These are imploded
cross-sections for quasi-Hamiltonian spaces. For a compact Lie group
K, the quasi-Hamiltonian analogue of the universal imploded space is
the imploded cross-section of the double DK = K × K. When K =
SU(n), the imploded cross-section of the double DK has a stratum
whose closure is a smooth even-dimensional sphere. (See [4].)
3. Intersection cohomology
Our main reference for this section is book [5]. Intersection homology
and cohomology are designed to understand the topology of singular
spaces. Since the imploded cross-section is almost always singular (of-
ten worse than orbifold singularities, see [3, Section 6]), it is natural
to consider the intersection cohomology of the space. The definition
for intersection cohomology is somewhat lengthy so we do not state it
here. Instead, we list some of its important properties.
Proposition 3.1. (cf: [5])
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(1) If the space is smooth, then its intersection homology (resp. co-
homology) is the same as its ordinary homology (resp. cohomol-
ogy).
(2) Intersection homology (resp. cohomology) is a homeomorphism
invariant but not a homotopy invariant.
(3) Poincare´ duality holds (cf: [5, Theorem 5.1.1]).
(4) Excision and the Mayer-Vietoris sequence are valid (cf: [5, Sec-
tion 4.6]).
For our purposes, we will also state the result for computing the
intersection cohomology of spaces with isolated singularities as follows.
Let U be an open neighbourhood of real dimension 2n in a space
with an isolated singularity at x. Then the intersection homology of U
is, (see [5, p. 94, Chap. 6.3])
IHi(U) ∼=


Hi(U \ {x}) i ≤ n− 1
Im (Hi(U \ {x})→ Hi(U)) i = n
Hi(U) i ≥ n+ 1
In fact ([5] p. 95, taking duals of equation (6.13)) we have the
following characterization of the intersection cohomology of U :
IH i(U) ∼=
{
H i(Y ) i ≤ n− 1
0 i ≥ n
when U is homeomorphic to the cone C(Y ) for a compact Riemannian
manifold Y of real dimension 2n− 1.
4. Intersection cohomology of SU(3) universal example
The universal imploded cross-section that we want to consider is
(T ∗SU(3))impl = {(z, w) ∈ C
3 × C3 : z · w = 0}.
As explained in Section 2, this space has an isolated singularity at
(0, 0). Let
U = {(z, w) ∈ C3 × C3 : z · w = 0, |z|2 + |w|2 < 1 + ǫ}
be an open neighborhood of the singularity, then IHj((T ∗SU(3))impl) =
IHj(U), since (T ∗SU(3))impl is homeomorphic to U .
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Consider a compact Riemannian manifold Y defined by
Y = {(z, w) ∈ C3 × C3 : z · w = 0, |z|2 + |w|2 = 1}.
Then the space U is homeomorphic to the cone C(Y ), and dimRY = 9.
According to Section 3, this means n = 5 and IHj(U) is the same as
Hj(Y ) for 0 ≤ j ≤ 4, and is 0 otherwise.
Consider the subspace of real dimension 9
X = {(z, w) ∈ (C3 \ {0})× (C3 \ {0}) : z · w = 0, |z|2 + |w|2 = 1} ⊂ Y.
The following Lemma gives us a deformation retraction from X to
SU(3).
Lemma 4.1. There is a surjective map
{(z, w) ∈ (C3 \ {0})× (C3 \ {0}) : z · w = 0} → SU(3)
defined as follows:
(z, w) 7→M =

z1/|z| w¯1/|w| u1/|u|z2/|z| w¯2/|w| u2/|u|
z3/|z| w¯3/|w| u3/|u|


where u := (u1, u2, u3) ∈ C
3 \ {0} satisfy z¯ · u = 0, w · u = 0 and the
determinant of M is 1.
Proof. We solve for (u1, u2, u3) as follows. Let
(1) u1z¯1 + u2z¯2 + u3z¯3 = 0
(2) u1w1 + u2w2 + u3w3 = 0
Multiply (1) by w1 and multiply (2) by z¯1, then subtract to eliminate
u1:
(3) u2(z¯2w1 − z¯1w2) + u3(z¯3w1 − z¯1w3) = 0
Likewise, multiply (1) by w2 and multiply (2) by z¯2 to eliminate u2:
(4) u1(z¯1w2 − z¯2w1) + u3(z¯3w2 − z¯2w3) = 0
This determines (u1, u2, u3) up to multiplication by a complex con-
stant. We find
(5) u1 = −
z¯3w2 − z¯2w3
z¯1w2 − z¯2w1
u3
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(6) u2 = −
z¯3w1 − z¯1w3
z¯2w1 − z¯1w2
u3
The value of u3 is determined (up to multiplication by a complex
constant of unit norm eiθ) by the condition
(7) |u1|
2 + |u2|
2 + |u3|
2 = 1
In fact it is uniquely determined by the additional condition that the
determinant of the matrix M with columns z, w, u is 1 (since we want
this matrix to be in SU(3)). 
We now state our result:
Theorem 4.2. The intersection cohomology of the universal imploded
cross-section of SU(3) is
IHj((T ∗SU(3))impl) ∼=
{
R j = 0, 4
0 j = 1, 2, 3, and j ≥ 5
Proof. As explained earlier, we only need to compute the cohomology
of Y . Define
W = {(z, w) ∈ C3×C3 : z·w = 0, |z|2+|w|2 = 1, |z|2 < ǫ or |w|2 < ǫ} ⊂ Y.
So W retracts to the disjoint union of two copies of S5.
Then Y = W ∪X , and we compute the cohomology of Y using the
Mayer-Vietoris sequence for W and X as follows.
The intersection W ∩X retracts to the disjoint union of
{(z, w) ∈ C3 × C3 : z · w = 0, |z|2 = ǫ, |w|2 = 1− ǫ}
and
{(z, w) ∈ C3 × C3 : z · w = 0, |z|2 = 1− ǫ, |w|2 = ǫ}.
Each of these spaces is another copy of SU(3).
So our Mayer-Vietoris sequence involves
· · · → H i(W ∪X)→ H i(W )⊕H i(X)→ H i(W ∩X)→ · · · ,
in other words
→ H i(Y )→ H i(S5)⊕H i(S5)⊕H i(SU(3))→ H i(SU(3))⊕H i(SU(3))→ .
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The cohomology ring of SU(3) is the exterior algebra generated by
one generator u of degree 3 and another generator v of degree 5
< u, v : v2 = u2 = 0, uv = −vu >,
so we get
H0(SU(3)) ∼= H3(SU(3)) ∼= H5(SU(3)) ∼= H8(SU(3)) ∼= R
and all the others are 0.
The Mayer-Vietoris sequence shows that the value of the map
ι∗ : H3(W )⊕H3(X)→ H3(W ∩X)
determines the value of H3(W ∪ X). By definition, the map ι∗ sends
(α, β) ∈ H3(W ) ⊕ H3(X) to β|W∩X − α|W∩X ∈ H
3(W ∩ X). Since
H3(W ) ∼= 0, α is zero and so ι∗ : H3(X) → H3(W ∩ X) is just the
diagonal map x 7→ (x, x) from H3(SU(3)) to H3(SU(3))⊕H3(SU(3)),
which is injective. From exactness of the sequence, it implies that
H3(W ∪X) = 0 and H4(W ∪X) ∼= R.
As a result
H0(Y ) ∼= R ∼= H9(Y )
H1(Y ) ∼= 0 ∼= H8(Y )
H2(Y ) ∼= 0 ∼= H7(Y )
H3(Y ) ∼= 0 ∼= H6(Y )
H4(Y ) ∼= R ∼= H5(Y )
where we have used Poincare´ duality since Y is a compact smooth
manifold.
So we conclude that
IHj((T ∗SU(3))impl) ∼= IH
j(U)
∼=
{
Hj(Y ) j ≤ 4
0 j ≥ 5
∼=
{
R j = 0, 4
0 j = 1, 2, 3, and j ≥ 5

8 NAN-KUO HO AND LISA JEFFREY
References
[1] A. Dancer, F. Kirwan, A. Swann, Implosions for hyperka¨hler manifolds. Com-
pos. Math. 149 (2013), no. 9, 1592-1630.
[2] A. Dancer, F. Kirwan, A. Swann, Implosions and hypertoric geometry. J. Ra-
manujan Math. Soc.28A (2013), 81-122.
[3] V. Guillemin, L. Jeffrey, R. Sjamaar, Symplectic implosion. Transformation
Groups 7 (2002) 155–184.
[4] J. Hurtubise, L. Jeffrey, R. Sjamaar, Group-valued implosion and parabolic
structures. Amer. J. Math. 128 (2006) 167–214.
[5] F. Kirwan, J. Woolf, An Introduction to Intersection Homology Theory (second
edition). Chapman and Hall, 2006.
Department of Mathematics, National Tsing-Hua University, Hsinchu,
Taiwan
E-mail address : nankuo@math.nthu.edu.tw
Department of Mathematics, University of Toronto, Toronto, On-
tario, Canada
E-mail address : jeffrey@math.toronto.edu
